. We present better estimates which depend on p and m. An interesting consequence is that if p ≥ m 2 then the constants have a subpolynomial growth as m tends to infinity.
Introduction
Let K be R or C. Given an integer m ≥ 2, the Hardy-Littlewood inequality (see [1, 8, 12] ) asserts that for 2m ≤ p ≤ ∞ there exists a constant C Using the generalized Kahane-Salem-Zygmund inequality (see [1] ) one can easily verify that the exponents
are optimal. The case p = ∞ recovers the classical Bohnenblust-Hille inequality (see [4] ). More precisely, it asserts that there exists a constant B From [3, 11] we know that B mult K,m has a subpolynomial growth. On the other hand, the best known upper bounds for the constants in (1) are √ 2 m−1 (see [1, 2, 6] ). In this paper we show that √ 2 m−1 can be improved to
for real scalars and to
for complex scalars. These estimates are quite better than
K,m has a subpolynomial growth. Moreover, our estimates depend on p and m and catch more subtle information. For instance, if p ≥ m 2 we conclude that
has a subpolynomial growth. Our main result is the following: |T (e j1 , ..., e jm )|
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and
The proof
We recall that the Khinchin inequality (see [5] ) asserts that for any 0 < q < ∞, there are positive constants A q , B q such that regardless of the scalar sequence (a j ) ∞ j=1 in ℓ 2 we have
, where r j are the Rademacher functions. More generally, from the above inequality together with the Minkowski inequality we know that
m and all (a j1....jm ) ∞ j1,...,jm=1 in ℓ 2 . The notation of the constant A q above will be used in all this paper. Let 1 ≤ s ≤ 2 and
.
from the generalized Bohnenblust-Hille inequality (see [1] ) we know that there is a constant C m ≥ 1 such that for all m-linear forms T :
|T (e j1 , ..., e jm )|
means the sum over all j k for all k = i. If we choose
we have λ 0 ≤ s ≤ 2, and λ 0 = s when p = ∞.
The multiple exponent (λ 0 , s, s, ..., s)
can be obtained by interpolating the multiple exponents (1, 2..., 2) and 2m m+1 , ..., 2m m+1 with, respectively,
in the sense of [1] .
It is thus important to control the constants associated to the multiple exponents (1, 2..., 2) and
m+1 is the classical exponent of the Bohnenblust-Hille inequality and the estimate of the constant associated to (1, 2..., 2) is well-known (we present the details for the sake of completeness). In fact, in general, for the exponent 2k k+1 , ..., 2k k+1 , 2, ..., 2 (with 2k k+1 repeated k times and 2 repeated m − k times), using the multiple Khinchin inequality (3) , we have, for all m-linear forms T :
|T (e j1 , ..., e jm )| Therefore, the optimal constant associated to the multiple exponent
is less or equal (for real scalars) than
i.e.,
More precisely, (4) is valid with C m as above. For complex scalars we can use the Khinchin inequality for Steinhaus variables and replace √ 2 by 2 √ π as in [10] . Let and for each x ∈ B ℓ n p define
By applying the induction hypothesis to T (x)
, we obtain
We will analyze two cases:
for all j = 1, ..., m, we conclude that
where the last inequality holds by (6).
2) i = k
It is important to note that λ k−1 < λ k ≤ s. Denoting, for i = 1, ...., m,
Therefore, using Hölder's inequality twice we obtain
We know from the case i = k that
. Now we investigate the first factor in (7) . From Hölder's inequality and (6) it follows that
Replacing (8) and (9) in (7) we finally conclude that
Since λ m = s the proof is done.
Constants with subpolynomial growth
The optimal constants of the Khinchin's inequality (these constants are due to U. Haagerup [7] ) are
for q > q 0 ∼ = 1.847 and A q = 2 for q ≤ q 0 , where q 0 ∈ (0, 2) is the unique real number satisfying
For complex scalars if we use the Khinchin inequality for Steinhaus variables we have
for all 1 ≤ q < 2 (see [9] ).
The best known upper estimates for B has a subpolynomial growth.
